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This  research  addresses  the  problem  of  quantization  on  a non-euclidean  environment 
using  tools  from  symplcctic  mechanics,  Lie  group  theory  and  Geometric  Quantization.  For 
the  sake  of  simplicity  and  definiteness,  we  will  consider  the  Poincare  half-plane  as  model 
configuration  space  Qc.  The  thrust  of  this  dissertation  concentrates  on  the  possitriliiy  of 

by  using  a differential  geometric  approach  to  find  a new  set  of  C.C.R.,  the  premise  being 
that  a general  quantization  on  an  arbitrary  configuration  space  Q must  include  the 
determination  of  an  appropriate  analogue  of  the  fiat  C.C.R. 

We  obtain  a Lie  group  Gc  which  acts  canonically,  transitive  and  freely  on  the  phase 
T Oc,  and  includes  the  symmetries  of  the  free  dynamics  hamiltonian.  We  expand  on  the 
cohomological  reason  for  the  necessity  of  central  extensions  of  the  dynamical  group  and 
compute  the  previously  unknown  extension  Wc  of  the  curved-space  dynamical  group  Gc, 


: Wcyl-Heisenberg  group  of  the  dyn 


Wc  finally  show  that  ihcrc  is  a generalization  of  the  Stone-von  Neumann  theorem  for 
tlte  manifold  Qc,  analogous  to  the  one  known  for  Qos  IRn  in  that  there  is  a one-parameter 
family  (parametrized  by  the  value  of  h)  of  inequivalent  classes  of  irreducible  unitary 
representations  of  the  Weyl-Heisenbcrg  group  Wc.  Each  of  these  classes  is  equivalent  to 
an  irreducible  representation  obtained  from  a co-adjoint  orbit  OC  W*  by  induction  of  a 
character  on  the  orbit,  chosen  together  with  a strongly  admissible  real  polarization,  that 
always  exist  since  we  show  that  Gc  is  a solvable,  simply  connected,  exponential  Lie 


CHAPTER  1 
INTRODUCTION 


This  research  addresses  the  problem  of  quantization  on  a non-euclidean  environment 
using  tools  from  sympicctic  mechanics.  Lie  group  theory  and  Geometric  Quantization 
One  of  the  motivations  for  our  research  is  that  the  correspondence  between  classical  and 
Quantum  Mechanics  should  be  based  on  an  analogy  in  their  formal  mathematical 
structures,  and  not  just  on  a coincidence  of  their  results  when  h-»0.  Thus,  we  believe  that 
any  quantization  should  preserve  and  reflect  the  intrinsic  geometric  and  dynamical 
symmetry  properties  of  the  classical  description.  Our  first  task  will  then  be  to  focus  on 
those  symmetries  of  the  classical  setting  that  should  be  preserved  in  the  quantum 
environment. 

In  Quantum  Mechanies,  a physical  system  with  symmetries  is  called  elementary  if  the 
symmetry  group  is  trredttcibly  represented  in  the  quantum  phase  space.  This  irreducibility 
condition  should  be  viewed  as  the  analogous  to  transitivity,  at  the  classical  level,  of  the 
group  action  on  the  classical  phase  space  M (or  some  submanifold  thereof  specified  by 
additional  constraints  on  the  dynamics).  Moreover,  within  the  symplectic  formalization  of 
hamiltontan  dynamics  already  emerges  a natural  correspondence  X between  the  classical 
observables  Jk  Cp  (m)  and  first-order  differential  operators  X(/)  s=Xye3frzm(M), 
their  hamiitonian  vector  fields  relative  to  the  symplectic  structure  0)  attached  to  M (i.e., 
the  solution  to  the  exterior  equation  lxC0  = - if).  Although  X is  only  a Lie  algebra 
morphism — because  any  constant  function  in  C^(m)  has  the  zero  field  as  image  under 
X (whereas  for  the  purposes  of  quantization  one  requires  a correspondence  that  is  a 
monomorphism)— it  is  nevertheless  true  that  it  associates  to  each  classical  observable  fa 
I -parameter  group  af  canonical  transformations,  the  (low  of  the  hamiitonian  vector  field 
Xz  The  initial  motivations  for  the  traditional  Dirac  quantization  of  mechanics  on  a flat, 
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Euclidean  configuration  space  Q0s  IRn  were  drawn  from  his  recognition  of  similar 
analogies  bciween  tire  classical  Poisson  brackets  of  basic  set  of  functions  in  C^(t"  IR"  ) 
and  the  commutator  bracket  of  the  cotresponding  quantum  operators.  In  this  case  the 
dynamical  group  is  also  a (sub)group  of  symmetries  of  the  dynamics  and  thus,  to  each  of 
its  generators  is  attached  a physical  observable,  the  hamiltonian  function  associated  with 
the  corresponding  invariant  hamiltonian  vector  field  on  T*IRn.  In  particular,  for  a 
constant  in  IRn,  the  linear  functions  a-p  (modIR)  of  the  canonical  momenta  p (the 
Darboux  coordinates  in  T IR”  canonically  conjugate  to  the  position  coordinates  q,  and  for 
which  the  symplectic  structure  is  written  as  C0=  dpodq-l)  are  also  the  hamiltonian 
functions  of  the  vector  fields  £a  = a-dqe  T(T*IRn)  that  correspond  to  generators  of 
translation  isometries  q -» q+a  in  a configuration  space  Q0=  IR".  However,  for  a 
curved  n-dimensional  configuration  space  Qc  it  is  easily  seen  that  no  such  correspondence 
exists  in  general  and  that  the  proper  interpretation  of  the  role  of  certain  physical 
observables  presents  interesting  problems.  Indeed,  the  commutator  (Lie  bracket)  of 
£a=  a-3q  and  £b=  b 3q  (viewed  as  vector  fields  on  T*QC.  a,  b constants  in  IR")  is 
identically  aero  and  therefore  cannot  be  considered  as  generators  of  translations  in  Qc 
since  curvature  prevents  these  from  commuting. 

In  fact,  it  has  been  known  for  a long  time  that  the  usual  Canonical  Commutation 
Relations  are  only  appropriate  for  systems  which  possess  a classical  configuration  space 
admitting  an  Abelian  transitive  group  of  transformations.  Since  the  recognition  of  die 
limitations  of  the  Dirac  quantization  scheme  by  Groenwold  (1946)  [Gro]  and  van  Hove 
(1951)  [Hov] , the  resolution  of  the  problems  originated  by  the  no-go  theorems  that  afflict 
a mathematically  rigorous  quantization  has  been  the  concern  of  die  Geometric  Quantization 
programme  originated  by  Souriau  (1966-1970)  [Sou]  and  Kostant  (1970)  [Kos],  The 
work  of  those  authors  suggests  that  the  study  of  symplectic  manifolds  that  support  a 
canonical  and  transitive  action  of  a Lie  group  G,  i.c.,  the  G-homogeneous  symplectic 
manifolds,  can  help  clarify  die  traditional  quantization  procedures  in  physics  which  seek  n 


direct  correspondence  between  classical  observables  and  self-adjoint  operators  (the 
infinitesimal  generators  of  l -parameter  groups  of  unitary  transformations  on  the  quantum 
phase  space). 

In  Chapter  2,  we  start  our  study  of  the  free  dynamics  on  non-flat  Riemannian 
manifolds.  For  simplicity  we  will  consider  the  Poincard  half-plane  as  model,  which  is  the 
simply-connected,  homogeneous  manifold  of  dimeasion  2 and  constant  negative  curvature 
£=  -^.The  study  of  the  dimensionality  of  the  symmetry  groups  of  the  free  dynamics  in 
an  n-dimensional  Riemannian  manifold  M reveals  that,  in  the  case  of  manifolds  whose 
sectional  curvature  is  everywhere  negative,  there  exists  always  a group  of  isometries 
aedng  transitively  [Aze].  In  particular,  manifolds  of  constant  (scalar)  curvature  always 
allow  the  maximal  number  | n(n+ 1 ) of  independent  Killing  vector  fields.  Reciprocally,  an 
n-dimensional  manifold  with  yn(n+l)  Killing  vector  fields  must  have  constant  (scalar) 
curvature.  The  classical  flat  case  is  a particular  example  of  this,  and  we  shall  sec  in 
Chapter  3 how  the  translation  subgroup  IRnof  the  full  space-isometry  group  -the 
Euclidean  group  E(IR" ) - leads,  by  a natural  extension,  to  a larger  group  of  symmetries 
IR",  acting  canonically,  transitively  and  freely  on  phase  space  T*  IRn,  which  is  thus  seen 
as  a IR2n-homogeneous  manifold.  In  Chapter  4 we  propose  a method  to  solve  the 
questions  raised  previously  by  introducing  the  concept  of  parallelization,  defined  along  the 
lines  suggested  by  Marmo  et  al.  [Mar];  we  formulate  mathematically  the  additional 
requirements  to  obtain  Lie  algebra  parallelization  of  the  cotangent  bundle  to  a configuration 
space  in  which  there  is  a Lie  group  of  symmetries  acting  transitively,  with  the  proviso  that 
such  a parallelization  be  formed  by  hamiltonian  vector  fields.  In  Chapter  5 we  find  an 
explicit  solution  for  the  problem  formulated  in  the  context  of  our  model  dynamical  system, 
and  we  integrate  the  corresponding  Maurer-Cartan  equations  to  find  the  multiplication  law 
of  a Lie  group  whose  Lie  algebra  is  the  specified  Lie  parallelization.  We  therefore  obtain  a 
Lie  group  Gc  which  acts  canonically,  transitive  and  freely  on  the  phase  T*QC,  which 


includes  die  symmetries  of  ihe  free  dynamics  hamilionian  and  which  is  shown  to  be  a 
simply-connected,  solvable  and  exponential  Lie  group. 

Chapter  6 is  devoted  to  the  comparison  of  the  algebraic  structures  involved  in  the 


the  necessity  of  central  extensions  of  die  dynamical  group,  both  in  the  flat  and  curved 


case  setting,  and  we  compute  the  previously  unknown  extension  Wc  of  the  curved-space 
dynamical  group  Gc.  The  central  extension  Wc  will  also  be  called  the  Weyl-Heisenbcrg 
group  of  the  dynamics. 

One  of  the  main  reasons  for  die  success  of  the  traditional  Quantum  Mechanics  lies  with 
the  Stone-von  Neumann  theorem,  which  guarantees  that,  after  fixing  the  value  of  the 
Planck's  constant  h,  there  is  a unique  equivalence  class  of  weakly  continuous,  irreducible 
representations  of  the  Weyl-Heisenbcrg  group.  If  that  were  not  the  case,  Quantum 
Mechanics  would  need  to  be  supplemented  with  a set  of  rules  to  specify  how  the  correct 
irreducible  representation  class  was  to  be  selected,  since  inequivalcnt  representations 
would  lead  to  different  physical  predictions.  In  Chapter  7 we  compute  the  coadjoint  orbits 
of  the  group  Wc  in  order  to  apply  orbit-theory  methods  and  obtain  a classification  of  its 
irreducible  representations.  Due  to  the  characteristics  of  Wc,  we  can  finally  prove  a 
generalization  of  the  Stone-von  Neuman  theorem  to  the  kinematics  on  the  manifold  Qc. 


CHAPTER  2 
SYMMETRY  GROUPS 

ON  RIEMANN1AN  MANIFOLDS  AND  EXTENSIONS 

In  the  sequel  we  will  consider  mainly  (he  case  of  configuration  spaces  of  constant 
negative  curvature.  To  ensure  that  the  structures  originated  in  this  process  arise  in  a 
natural  way.  we  will  guide  our  constructive  and  analytical  procedures  by  modelling  on 
a particular,  amenable,  non-cuclidean  setting:  the  free  dynamics  on  a simply-connected, 
homogeneous  Riemannian  manifold  of  dimension  2 and  constant  negative  curvature  - 
i.e.  the  Poincare  half-plane.  We  choose  the  particular  parametrization: 

11]  Qc  sjqe  IR2:  q2>-c;  di2=  (^^)28i)dq'dqi J 
Throughout  this  work  we  will  find  it  useful  to  use  the  notation 

12]  d52  = dq«dq-gc 

131  gc(q)  = (j£jt)2  S'  and  S'-S^e'se)  6 (IR^IR2)* 

The  Lagrangcan  description  of  this  system  is  given  by  the  usual  symplcctic  formalism 
on  the  tangent  bundle  TQc  = QcXlR2  of  the  configuration  space  Qc.  In  the  global  chart 
1 IR2x  IR2,(q,v))  that  naturally  exists  for  the  velocity  space  TQC,  the  free-dynamics 
Lagrangcan  is 

14)  £,  (q.v)  = J(v®v)  gc(q) 

To  this  Lagrangcan  is  associated  the  symplcctic  form: 

15]  w,c  - - dq Adq-  ( dqdv  £ ) - d VAdq-  ( 3V3V  £ ) 


an  Jfe£(T*Qc)  ns 

19]  W<q.P)=  j(p®p)-gc‘«I> 

HO]  gc-(q)-(^j8  and  8 = 8'lei«ej  a II* 


is 


1 12] 


Explicitly, 


[13]  X = x-dq  e TQc  and  X = Xi(q)  e,  E ^(QclR2) 

equation  [12)  reads 

[14)  Xl3igis  + gls3rXl+gri3sXi  = 0 
For  the  case  at  hand  this  reduces  further  to 

aix2=-a2x' 

3ix‘  = 32x2  = ^ijj)x2 
The  general  solution  is 

ix'(q)  =^{(q')Mq2+c)J}in  + iq‘n2  + q3 
X2(q)  = J<c+q2)(qiql  + ti2) 

where  t)i,  R2>  % are  arbitrary  constants  . We  will  denote  by  Xq  a vector  in  30"f(Qc) 
defined  by  a particular T)  = (ni,q2,q3)  6 IR3 . The  Killing  vectors  thus  obtained  forma 
3-dimcnsional  Lie  algebra  XJf(Qc)  which  is  isomorphic  to  sf(2,IR ).  In  fact,  we  can 
readily  find  a basis  (Xq+,X1|-,Xq°)  of  3QC( Qc)  verifying  the  sf(2,IR  )-commutation 
relations 

[17)  [V*rl  =X„=  ; [Xq°JCq+]  = Xq+  ; =-Xq- 

However,  we  will  be  more  interested  in  a basis  of  ^ff(Qc)  that,  in  the  flat  case  limit 
(c— * oo),  deforms  into  ( I R2) , the  algebra  of  the  Euclidean  group  in  two  dimensions. 
This  will  then  be  a basis  of  generators  of  isometrics  that  can  readily  be  interpreted  as  the 
analog  of  the  natural  basis  of  ^(Ifi2),  i.e.  the  generators  of  space-translations  and 


In  foci,  any  basis  {XT||  ) is  determined.  up  lo  a choice  of  a,  a',  p,  y e IR . 


I'8'  ) TT2=  <5-P.  I.  jP)  for  X t,, 

lTb  = ( for 

These  basis  vectors  go  over  the  apropriate  generators  of  ■£(  IR2)  in  the  (c-*oo)  limit: 

-»xPli(q)=aql 

4Xp2l(q,=  3q2 

-»XL  l(q)=  q19q2-fl23qi 
Not  every  set  118)  generates  a Lie  algebra  basis  {X-q,  ,X1j,,X't|1 ) in  general,  but  if  we 
choose  the  set  t|,  = (0,0. 1 ),  Tfc  = (0, 1 ,0),  Tfc  = ( 1 ,0,  f)  they  will,  in  which  case  we  will 
denote  the  corresponding  basis  vectors  as  {Xi  ,X2,X3 ) , where 

fx,  |,q)  = 3ql 

120]  J X2l<q)=  iq'aql+  (l+iq2)ap2 

l_X3 1 (q,  = (q')2-(q2)2-2cq2  )3ql+  q '( I +|q2)3q2 

This  basis  verifies  the  commutation  relations 

[21]  [X„X2]  = ix,;  [X|X3]  = X2  ; [X2lX3]  =-X,  + jX3 

As  expected,  in  the  limit  (c->  ao)  these  become  the  defining  relations  for  the  generators 
of  the  Euclidean  group  EflR2).  However,  these  commutation  relations  do  determine,  for 
C<oo,  a Lie  algebra  homeomorphic  to  s[( 2,  IR  ).  The  usual  basis  can  be  obtained  as 

[22]  X+  = -cX,  ; X.  = X3-±X,  ; H=-cX2 
which  verify  the  standard  commutation  relations 

[X+.X.]=H;  [H  ,X+]  =X+  ; [H,X.]=-X. 


[23] 


From  die  commutation  relations  [21],  wc  verify  that  |Xi,X2l  generates  a solvable 
sub-algebra  of  Xjf(Qc),  and  the  restriction  to  this  sub-algebra  of  the  Lie-algebra  action 
of  SJf(Qc)  on  Qc  can  be  integrated  to  yield  a free,  transitive  Lie-group  action  of  the 
simply  connected  Ue  group  He  = exp(9Q  on  Qc.  In  canonical  coonlinaics 

[24]  h = exp(t-Xa)  I n.i)  e yfHc.lR2 ) 

where  Xa  = Z|  a'  Xj  e and: 


[25)  exp(l-Xa)=^-(e^-i).a 

denotes  the  flow  of  Xa  e with  a = (a1,  a2)e  IR2.  te  IR . The  group  Hc  is  defined 
by  the  set  Hc  s { he  IR2 : h2>-c ) with  multiplication  law 

[26]  hh’  = (u^)h'  i h 

This  group  acts  isometricallyon  Qc  through  the  map 


[27] 


<I>:HcxQc— » Qc 

(h.q)  ►-*  4>h(q)=(i+y)q+h 


Thus,  we  can  identify  the  group  manifold  Hc  with  the  configuration  space  manifold  Qc. 
This  also  happens  trivially  in  the  flat  case,  where  the  additive  translation  group  IR2  plays 
the  role  of  He:  in  fact.  He  deforms  — both  as  a group  and  Riemannian  manifold  — to  its 
Cartesian  counterpart  IR2. 

Wc  now  analyze  the  way  symmetries  in  configuration  space  generate  dynamical 
symmetries  on  phase  space  (T  Qc)  or  velocity  space  (TQC).  We  will  sec  later  on  that, 
already  at  die  level  of  classical  mechanics  in  IR”,  we  can  trace  the  appearance  of  the 
Heisenberg  group  to  the  existence  of  a transitive  canonical  action  of  the  sub-group  IR2n  of 
the  Galilei  group,  on  the  phase-space  of  the  free  dynamics  in  IR".  It  is  then  an  interesting 
problem  to  determine  the  possible  equivalents  of  these  objects  in  the  case  of  a free 
dynamics  on  a space  that  is  no  longer  flat.  In  particular,  we  aim  to  determine  in  this 
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manner  the  essential  features  of  IR2"  that  should  be  preserved  in  Older  to  obtain  a transitive 
canonical  action  of  a dynamical  group  on  phase  space  when  we  consider  the  case  where 
the  configuration  space  is  a homogeneous  Riemann  manifold 

Evidently,  since  we  have  seen  that  we  can  view  a particular  normal  subgroup  of  the 
full  isometry  group  to  be  the  analog  of  the  sub-group  of  space  translations  in  IR2",  the  first 
impulse  is  to  find  an  equivalent  for  boosts  on  a dynamical-group-analog  for  the  Galilei 
group.  There  are  however  no  natural  generalizations  of  the  Galilean  principle  of  relativity 
to  the  non-flat  environment  (Chal.  We  therefore  investigate  in  Chapter  2 whether,  even  in 
the  flat  case,  there  is  a way  to  construct  such  a dynamical  group,  based  solely  on 
information  from  the  isometries  of  configuration  space. 


SYMMETRY-vs-DYNAMICAL  GROUPS  OF  TRANSFORMATIONS 


Configuration  space  in  ordinary  classical  mechanics  is  a fiat.  Euclidean  space  isometric 
to  IRn  Time  is  an  independent  quantity  introducing  an  extra  coordinate,  and  the  rime- 
dependent  dynamics  is  describable  in  terms  of  a contact  structure  on  (T*IRr)xlR.  The 
natural  contact  2-foim  can  be  generally  written  (3  = 7t*(0  - dJ/Adt,  where  (0  = dp  Adq-1 
and  Jt:  (T  IR”)xIR — > T*  IR" . More  generally,  a classical  hamiltoninn  description  of 
mechanics  on  a configuration  manifold  Q x IR  would  be  based  on  the  corresponding 
cotangent  T (QxIR  ) bundle.  Since  this  is  a trivial  bundle  over  (T*Q)xlR , a dynamical 
system  characterized  by  an  hamiltonian  ?<q,p,t)  determines  a cross-section 

[28]  C:(T*Q)xlR  — * T*(QxIR) 

( q , p , 1 ) o(q.p.t)  = (q,p.l.-W(q.p.i)) 

If  we  denote  by  £1  the  natural  symplectic  form  on  T*(QxlR),  its  pull-back  by  o is 
precisely 

[29]  a'Ci  | (qpJ)  = dpxdq-i  - d2f(q.p.i)AdI  = 5 | (qpl) 

The  evolution  of  the  system  is  then  determined  by  the  flow  of  the  dynamical  vector 
field  X ft  tangent  to  (T*Q)xlR,  associated  widt  the  hamiltonian  9{  by 

[30]  = 0 

where  1 denotes  the  inner  product  (or  contraction)  between  X/t  and  (3  . 

We  then  consider  a time-dependent  formulation  of  dynamics  in  the  fiat  case,  where  the 
evolution  of  the  state  of  a system  is  given  by  the  flow  of  the  hamiltonian  vector  field 
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X«eT(T  IR"xlR)  which  annihilates  the  conlacl  smtclure  on  (T*Q)xIR  (the  evolution 

[31]  to  = dpxdq-i  - d?6vdt 

where  Wis  the  hamiltonian  for  the  system.  For  free  systems. 

[32]  (5  = dpAdq-i  - jpdpAdt 

We  look  for  symmetry  generators  Xs  T(T  IR"x  IR  ) such  that : 

i) £jj=(O  = 0 

ii)  these  vectors  generate  transformations  that,  when  projected  to  configuration  space, 
are  isometries  of  the  Euclidean  metric  on  IF?1 . 

iii)  when  projected  to  phase  space,  these  vectors  generate  canonical  transformations 
of  tliesymplectic  structure  (0  = dpAdq-t  . 

If  we  writeX|(qpl)=  u(q.p.t)-3q  + a(q.p,t)3p+  T(q,p.l)3,,  the  last  two  conditions 
restrict  u and  a to  be  of  the  form 

[33]  u(q,t)  = A(t).  q + d(l)  A(t)  e SO(n) 

[34]  a(q.pj)  = -(p-3q  + 3,)u(q.t)  d(t)  e IR” 

Solving  the  set  of  P.D.E.'s  defined  by  i)  we  obtain,  as  general  solution,  that 

[35]  A'(t)  = 0 ; d"(t)  = 0 ; T(q.p.t|  = v+jp2X  = T 

We  therefore  see  that  any  solution  X verifying  the  conditions  i)-iii)  above  must  be  a 
linear  combination  of : 

i)  generators  of  space  traaslations:  do-dq  ; 

ii)  generators  of  momentum  translations  (boosts ):  bo'(f‘3q  + 3P)  ; 

iii)  generators  of  rotations:  (Ao-q)3q  + (Ao-p)-3p ; 

iv)  generators  of  time  translations:  To  3|- 
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where  d0,  b0  s IR" . A0  e SO(n),  T e IR  are  consianis.  In  the  2-dimensional  Rat 
analogue,  the  3-dimensional  Euclidean  group  E2  = SO(2)9  IR2  thus  extends  to  a 
6-dimensional  symmetry  group  G =E2x(IR2  x IR  ) with  a group  law 

[36)  (Ao,  do.  bo.  to)(A,  d,  b,  i)  = (AqA.  Ado+d+bto,  Abo+b.  t+to) 


This  suggests  that  we  attempt  to  solve  the  same  problem  for  the  non-flat  case  Qc, 
substituting  the  Euclidean  metric  by  the  hyperbolic  metric  d S1  = dq®dqgc  and  setting 
^<q.P)  = j(P®P)  gc(q)  on  the  contact  form  © . Unfortunately,  this  does  not  work. 
Lifting  sC(l, IR)  this  way  docs  not  generate  any  more  symmetries.  We  end  up  with  the 
trivial  lifting  of  £if( Qc)  to  T Qc,  thus  confirming  from  a different  perspective  that  the 
concept  of  boost  does  not  generalize  [Cha]  in  this  way  to  the  curved-space  dynamics. 
Thus  we  cannot  find  in  a non-fiat  environment  a dynamical  group  that  is  large  enough  and 
is  entirely  based  on  the  symmetries  of  the  configuration  space.  We  therefore  look  for 

symmetry  of  the  dynamics. 

We  propose  that  such  a structure  is  provided  by  a Lie  algebra  parallelization  of  phase 
space,  in  fact  one  that  naturally  exists  on  the  tangent  or  co-tangent  space  of  any  Lie  group 
manifold  G:  this  is  the  parallelization  generated  by  either  left-  or  right-invariant  vector 
fields  on  G,  discussed  in  Chapter  2. 


CHAPTER  4 

CANONICAL  LIE  ALGEBRA  ACTIONS 
AND  PARALLELIZATIONS  OF  PHASE  SPACE 


A manifold  M is  said  to  be  parailelizablc  if  a SCI  of  n=dim  M independent  vector  fields 
can  be  globally  defined  on  M.  The  2-dimcnsionaI  sphere  S2  is  an  example  of  a non- 
parallelizablc  manifold,  whereas  die  2-lorus  72  is  parallelized  by  the  sei  (do,  3^}.  Also, 
any  Lie  group  is  parallelizable,  since  the  corresponding  Lie  algebra  can  always  be  realized 

the  X*  are  independent,  for  a given  parallelization  {Xj  )„=|  j,.  of  M we  have 

[37]  [XjJCj]  =crkXk 

where  C|(k  = - Cj,k  e 7(M).  However,  unless  the  {q* } are  constants,  the  parallelization 
parallelization  of  T Hc  by  4 vector  fields  such  that: 

parallelization  of  He  discussed  in  Chapter  2. 

b)  the  vector  fields  in  this  parallelization  tuc  hamiltonian  with  respect  to  the  canonical 
symplectic  structure  on  T*HC. 

c)  this  parallelization  forms  a Lie  algebra  gc  whose  action  on  T*HC  is  integrable  to  a 
canonical,  transitive  action  of  a Lie  group  Gc  on  T*Hc. 

We  will  then  be  able  to  interpret  the  transitive  group  Gc  acting  canonically  on  T*Hc  as 
the  integral  of  the  Lie-algebra  parallelization  {Xj  )(j=11>)  just  as,  in  the  flat  case,  IR2"  can 
be  viewed  as  the  group  generated  by  the  parallelization  [3q,  3p).  In  the  present  Chapter 
we  outline  this  program,  and  implement  it  explicitely  in  Chapter  5. 
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If  a manifold  is  parallelizable,  ii  is  always  possible  to  parallelize  its  tangent  or 
cotangent  spaces  in  such  a way  that  condition  (a)  is  always  verified.  In  fact,  the  canonical 
lifts  of  the  vector  fields  that  parallelize  the  base  manifold  obey  the  same  commutation 
relations  as  their  projections.  Explicitly,  denoting  a parallelization  of  a manifold  Q by 
43 (Q)  - (Xa=  lla'dq  ; u.,6  J (Q.IR" ),  a=l„...  n=dim(Q)),  we  construct  the  lifted 
vector  fields 

138]  Xa  = ua  3q  + (v  aqua)  av  e T(TQ) 

[391  = ua  dq  - { dq(ua-p)  } 0„  6 T(T*Q) 

A simple  calculation  shows  that  each  set  in  [38]  or  [39]  has  indeed  the  same 
commutation  relations  as  the  vectors  X,,  of  the  parallelization  P(Q).  In  T(T*Q)  for 
example 

[xa.Xb]  = {xa(ub)-xb(ua)}-aq+{xb(aq(uap))-xa(a,(ub-p))}ap 
= {uaaqub-ubaqua)aq+  (3q(ub-aqua-uaaqub)p}ap  = 

= Cabk(uk  3q-  {3q(uk  p)}-ap)  =CabkXk 

Furthermore,  these  lifted  vector  fields  are  hamiltonian  with  respect  to  the  canonical 
symplectic  structure  0)  = dpAtltJ-1  on  T Q . In  fact 

[40]  = - dpua  - dq-dq(ua-p)  =-d(ua-p) 

We  will  denote  the  hamiltonian  function  corresponding  to  Xa,  defined  by  eq.  [40]  up 
to  an  additive  constant,  by 

[41]  Pa(P,q)  = ua(q)p  + da. 

We  then  specify  a choice  of  the  remaining  n vector  fields  for  the  case  of  T Q that  has 
the  advantage  of  deforming  to  the  coordinate  parallelization  [9q,  dp ) of  T IR2  in  the  flat 
case  limit  (C-*»).  This  is 
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(42]  dpa  = fia3p  (for  a=l n) 

where  fia  is  dual  to  Ua,  i.e.  Ua*Ub  = 8^.  Furthermote,  this  solution  forms  an  abelian  Lie 

algebra  by  itself,  and  the  parallelization  #?(T*Q)  = (Xa,  dp  , a=l n=dim(Q)}  has 

the  commutation  relations 

r [Xa,Xb]  = clbk  Xk 

(43]  J [Xa,3Pb]  = - cakb  9pk 
[[3Pa.3pb]  = o 

It  only  remains  to  show  the  second  of  the  three  relations  [43];  this  obtains  as  follows: 

(44]  [X„,3pb]  = { ua3qfib  + (dqua)fib  } 3p  = 

= { (uk-dqua  - ua3quk)ub»uk  )3P  = - cakb  0k-3p  = 


In  this,  we  made  use  of  the  duality  between  ua  and  fia  to  derive  the  identities 

[45]  Ua®Ua  = 1 ; aqflb  = - (3qua)ub®fia  . 

Hence,  if  the  vectors  in  the  original  parallelization  £7(Q)  form  a Lie  algebra  with 

structure  constants  (Cabk),  then  #>(T*Q)  = (Xa,  Xa+n=  3pa,  a=l n=dim(Q)) 

also  defines  a Ue  algebra  with  structure  constants  (c,,1]  given  by 

[46]  4bk  = Cabk;  Cabtnk  = 0;  4btnk*n  = -cakb;  4*nbrnk+n  = 0 
fora,  b,  ke  (l,...,n). 

Unfortunately,  in  general  the  3Pa  are  nd  hamiltonian  vector  fields  for  the  canonical 
symplectic  form  CO  = dpAdq-1  since  the  one  form 

[47]  i a CO  = dqua 


is  not  necessarily  closed.  This  is  inconvenient,  since  then  the  vector  fields  3p  cannot  be 
viewed  as  generators  of  canonical  transformations,  and  thus  the  possibility  of  constructing 
a dynamical  group  from  the  Lie  algebra  parallelization  |43]  is  compromised.  We  therefore 
look  for  vector  fields 
[48J  Xa.n  = A,atn|k(q)3pk 

that  are  hamiltonian  with  respect  to  the  canonical  sympletic  structure.  The  conditions  for 
that  to  happen  are  derived  from  the  closure  of  the  one  form 

[491  = d<llA»*n)kOk) 

[50]  co  = dpAdqi 
Explicitely.  this  is 

[51]  dqAdqdq{A(a,n)tuk)  =0 
which  is  equivalent  to 

[52]  aqi{A(atn)lQk]  - a,j(  A(aan)kuk)  = 0 

[53]  OqiA(atn)k)  Qj  - (fyA,,^)  flk  = - A(a,n)kOqiuk  - 
Multiplication  of  both  sides  by  Ub'Uei  yields 

[54]  ub-(aqA,a,n)c)  - uc(aqA(atn)b)  = 

= -A(o*n)k  {ub  (aqUk)  uc-Uc  (aqUk)  ub}  = 

= A<a«i)k  f Ub  (aque)-uc  (aqub))  uk  = 

= A<a.n)kCbed5d 


[55] 


ub-(9qA<a+n*)  - Ue(dqA(a+n)b)  = c^i 


On  the  other  hand,  ihe  comrauiaiion  relations  between  vector  fields  Xb  and  Xn„ 
account  of  [46]  and  [48] 

[56]  0UUJ  = A,a+n)d  + U\a.n>o)  3po  = 

= (“  cbed  A(a+n)d  + ub'9qA(a>n)c)  dp  _ = 


= (u«aqA(.tn)b)3pe 

The  conditions  for  having  the  Xa  and  Xain,  (a=l n),  generating  a Lie  algebra  of 

Hamiltonian  vector  fields  are  thus: 

[57]  ue’9qA(a+n)b  = Cb  a*nd*nA(d+n)e 

[58]  Cea+n  +nA(d*n)b  ~ Cb  atnd*nA(d,n)e=  cbed  A(,i»n)d 

where  the  Cb  a*nd*n  are  constants  obeying  the  requirements  of  the  structure  constants  of  a 
Lie  algebra 

[591  ebatndtn=-£a„bdtn 

[60]  Cb  c+n  k+n  ca  k+nd*n  + CiM-n  ak*  " Cb  k+nd+n  + Ca  bk  Ce+n  kd*n  = 0 

In  the  next  section,  this  program  is  carried  out  explicitely  for  the  case  of  T*Qc. 


CHAPTER  5 

THE  DYNAMICAL  GROUP  Gc 


Consider  the  Poincard  half-plane  Qc  on  which  there  is  a transitive  Lie-algebra  action  of 
the  solvable  sub-algebra  9^  of  SJf(Qc)  generated  by  the  vector  fields  (X,JC2)  defined  in 
120].  As  previously  indicated,  this  is  a Lie-algebra  parallelization  that  is  integrablc  to  a Lie 
group  action,  yielding  a free,  transitive,  isometric  action  of  the  simply  connected  Lie 
group  Hc  = exp(?0  on  Qc.  We  will  henceforth  denote  this  action  on  the  left  by 

[61]  Lhqishq  = (i+£i)q  + h 

where  h e He  and  q e Qc.  Since  the  group  multiplication  law  on  He  is 

[62]  hh'-  (l+£)h'  + h 

we  can  also  define  an  action  on  the  right  of  He  on  Qc  by 

[63]  Rhq  a q h = q + (i+£)h 

In  the  notation  of  chapter  3,  we  set  U|(q)  = ei  and  u2(q)  =^-C|  + (|+  9^)e2  in  the 
definition  of  X,  and  X2  respectively.  It  is  then  a straightforward  computation  to  check  that 
these  are  indeed  invariant  under  the  right  action  [63]: 

[«1  {(Rh)Al|qh=  {'‘Xadq(3qRh))|().aq=Tx^(dq+idq2eh).aq  = 

= Tjj  (dq  + i-dq!®h).  3q  = (ua  +^-h).  dq  = Xa  ^ 

This  result  is  evidently  true  for  a=l,  and  for  a=2  the  last  equality  follows  from  the 
identity  (l+^-)  = (i+^)(i+M).  Equation  [64]  refiects  the  fact  that  the  Xa  are  the 
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' Lie  algebra  =TeHc  and  ihe  left  aciion  of 


V :tfc— * TQC 
1651  {-.«(8.»s 

«W  *!!,•  ■ |l,.„{M«'<p^e)}- 

K, 0}|,.3,  .K3qR,0|„  3, 

[«]  {(R,)^)^„ ■ {,X!dq  O,R»)}|l,  3,  - 

■<t  3,R,0|,(3,R«)|,  ,3,  -{  3,(VR,0|,'  3 

=xiU 


i«i  *tlq  = (t+£q)-a, 


dq-OqRh-,).  dq  = (dq  - i(i+  ^"dq^h).  3q 

fth  t*IP]  = tq  +04)h.P-*K,+T)’,hPle2] 


1!l,q.„)-«*f'>)-3,-Ca,((5.sS).p)]a, 

-ft.  |iH-£p3» 


Piiqp)-ft4p)p 


P|  = P$, . P2  = Pfe  as  given  by  [73],  These  are  the  hamilionian  functions  of  X , , X2 


174)  P<q.P)-(l+£)p-&Jq 


[76]  ap,-v£&4r,i)l* 

ira  3p,-  0*f)"3„ 
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We  must  now  now  that  these  arc  not  hamiltonian  with  respect  to  the  canonical,  right- 
invariant  symplectic  structure  on  T*Qc.  Wc  thus  face  the  task  of  finding  a solution  to  the 
problem  delineated  in  chapter  4.  We  start  by  looking  at  the  contraints  imposed  on  the 
admissible  Lie-algebra  structure  constants  by  the  requirements  of  equations  |57]-[60], 
Since  we  are  looking  for  solutions  of  the  type 
[78]  Xa+n  = Aa+n(q)-3p 


it  is  apparent  that  the  following  structure  constants  are  already  dctcimined  to  be 

{Cbad  =Cbad 

eb,+nd-'Cb+na+nd  = 0 
*"b  ad+"  “ Cbtn  a+nd+"  = 0 
From  the  Jacobi  idenddes  [60]  we  obtain 

= C234  Cu3-  C|34C243 
2 C,44  C234  = C,j4  ( ’C244  - C2J3) 

2 C|33t243=  C,43(  C2J3-“C244) 


These,  together  with  the  equations  resulting  from  [68] 

IC|33A32  + f 1 3* A 42  = (c233  - j)A3i  + E^Aai 

Cl43A32  + E|44A<2  = C243A31  + (c244  - j)A4] 


evaluated  at  some  initial  condition,  determine  at  most  si*  equations  constraining  eight 
unknown  structure  constants.  We  thus  see  that,  in  order  to  have  a well  defined  solution, 
we  need  to  impose  two  extra  conditions  on  the  possible  solutions  to  the  system  of  partial 
differential  equations  which  is  obtained  from  [57]: 


dql  A31  = C|33Aji  + E|34A<| 
3ql  A41  = t|43A3l  + Ei44A4| 
3ql  A 32  = C233A3l  + C234A41 
3ql  A42  = C243A3i  + C244A4] 


dq2  A31  =(l+i£)  '{Ci33(A32-^-A3|)  + t|34(A42-^A4,)} 
3q2  A41  =(l+^-)  '{C|43(A32-^-A3i)  + Ei44(A42-^-A4|)} 
3q2  A32  =(■ +£)"'{  E2J3(  A32- £ A j,)  + C234(A42-^A4,)} 
3q2  A42  =(l+^-)  1{Cm3(A32-^-AJi)  + Em4(A42- ^A4|) } 

We  now  specify  whai  type  of  solution  we  want.  The  most  natural  assumption  is  to 
make  the  'ansatz'  that  the  basis  vector  Xa+n  is  collinear  with  the  vector  t}p  . i.e. 
A41  = A32  = 0,  and  that  at  the  origin  A3 ] (0)  = A42(0)  = 1.  This  immediately  determines 
Eta3  = C233  = E234  =Ei44  = 0,  which  follow  from  the  differential  equations  above  for  A41 
and  A32 . From  (80]  then  follows  that  in  addition  E243 =0,  and  C ! j4  = — — . Also,  from 
the  second  and  fourth  of  equations  [79]  we  conclude  that  C244  = --  andE,33=0. 

Finally,  integration  of  the  system  above  with  this  particular  choice  yields  A3i(q)  = 
A42(q)  = X(l+  ^-)  ’,  with  X an  arbitrary  constant  to  be  fixed  by  initial  conditions,  and 
which  we  will  henceforth  set  to  be  X = — 1 with  no  loss  of  generality.  We  can  now  exhibit 
the  full  Lie  algebra  basis: 

IX,  =a„i 

X2  = ^3q.  + (l+^)3,2-^api-pf3p2 

-<i+$"'{api-£(i+ $)■%,} 

and  the  corresponding  multiplication  table: 
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r.,.i 

X| 

X, 

X, 

X, 

x, 

0 

cX, 

-C  X, 

0 

*2 

-jx, 

0 

0 

-£x, 

*3 

c Xj 

0 

0 

0 

*4 

0 

£*4 

0 

0 

Thc  observables  associated  with  the  basis  elements  £3,  Xi  are  therefore: 

(QiW-O+fr'q1 

[86]  t 

[Q2(q)  = (l+^)'V 

where  once  again  the  arbitrary  constants  have  been  chosen  in  such  a way  that  these  deform 
to  the  expected  observables  in  the  flat  case  limit. 

We  have  thus  obtained  a Lie  algebra  parallelization  by  hamiltonian  vector  fields  of  the 
phase  space  T Qc.  Due  to  the  special  physical  meaning  that  we  will  attach  to  them,  we 
now  change  our  coordinate  system  to  the  one  naturally  associated  to  the  basis  elements  of 
this  parallelization  through  their  hamiltonian  functions  (Q1.Q2.P1.P2),  which  we  denote 
in  the  future  by  (Q,  P),  where,  according  to  [74]  and  [86], 

[Q(q.p)  = (i+^r'q 

[87]  ] 

lP(q.P)  = (l+^-)p-^?-Jq 

The  notation  reflects  our  perspective  that  these  should  be  interpreted  as  the  position 
and  momenta  observables,  respectively.  This  is  because,  as  we  will  show  later,  the 
hamiltonian  vector  fields  associated  with  P generate  the  (non-comm  c sometric 
translations  in  configuration  space,  whereas  those  associated  with  the  Q generate  the 
isotropy  sub-group  fixing  the  points  in  configuration  space,  but  generate  'boost ’-like 
transformations  on  the  fibers  of  T Qc.  In  this  new  coordinate  system,  which  we  will  call 
(left)  Hamiltonian  coordinates,  the  basis  for  the  parallelization  reads: 
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("Xi  - (l  - ^-)  3qi  + ^r3pj 

(88]  JX2  = (1-^-)aQ2-TaPi 

j X 3 = - ( i - ^-)  3p, 

[x  j = -(i-‘V)3p, 

In  ihis  coordinate  system,  the  right-invariant  sympletic  form  [50]  reads 

(89]  to  - (l  —2^"'  dPAdQ-1  -- 2l)-2dQAdQ-J 

We  now  introduce  condition  (c)  (see  p.  13)  which  requires  that  the  Lie  algebra  action 
generated  by  the  Xa  and  Xa+n  on  T*Q  be  integrable  to  a Lie  group  action  on  the  same 
manifold.  Integrability  requires  the  existence  of  a set  of  left-  or  right-invariant  1-forms  BK, 
(k=l,...,2n),  that  verify  the  Maurer-Cartan  equations: 

(90]  dBK  = -jC^B'Ali5 

For  an  integrable  Lie  algebra  parallelization  P(Q),  we  can  choose  the  fields  XaS  TQ 
to  be  right-invariant  relative  to  the  group  action  they  generate  on  Q.  Then  both  the  lifted 
vector  fields  Xae  T(T  Q)  and  their  dual  forms  T’(T*Q)  will  be  right-invariant 
relative  to  the  lift  of  this  action  to  T Q.  It  is  therefore  natural  to  require  of  the  remaining 
vector  fields  Xi*n  to  be  right-invariant  relative  to  the  resulting  group  action  on  T*Q.  This 
in  turn  means  that  the  dual  forms  Ba*"e  T*(T*Q)  are  also  right-invariant.  Recall  that  Cfc 
is  a group  manifold,  and  as  such  possesses  an  integrable  Lie  algebra  parallelization:  thus 
equations  [90]  will  be  verified  if  we  use  as  Maurer-Cartan  forms  the  dual  of  the  basis  |88]: 

fi'=  (>-■£)-' dQ' 

62  = dQ2 

fi3  = - (i--2i)-' dPt  - (t-2i)‘2-£J-dQ2 

= _ (,  _ £i)-‘  dp2  + (,  _^)-2-£LdQ> 


[91] 
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dft'  = - L 6'Afi2 
dfi2  = 0 
dfi3  = 0 

dfi4  = L(fi'Afi3  + fi2Afi4) 
re,  by  integrating  the  differential  equatic 

A g**-#*  (Vge 


194]  (A,  B )(A\  B' ) = (A+(.-Ai)A-,B+(.-^)B'-i  J A-) 

acting  canonically  on  T*Qc  on  the  left  via 

US  AgCQ,1-)  B + (,_*l)P-il.J.Q) 

A‘li‘.d(A|Q)AsV  ,d(A|p)A|b«  - 


(l-i^'''l(A;Q').(l-$-ldQ> 

(,-ffl.)-'d(AIV),(,^)-,dQ, 

^(i-^-,d(A|Q.),(,-^r,d(A|p,)4(,-!£)-’dQ.t(.-?ir,dp, 

^<>-^«A;QO-Cl-^-,d(A|P,)-f-(l-!£)-,dQ.-<,-^)-1dP1 
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We  begin  by  integrating  the  second  equation  of  this  Pfaff  system.  This  yields: 

m |2),i<cg>(,-|.) 

where  X?(  g ) is  determined  by  initial  conditions.  Obviously  X2(e)  = I , and 
1981  A|(?=  ^glQJ  + cO-X^g)) 

inserting  [98]  into  the  first  equation  of  the  Pfaff  system  we  get 
[99]  A|Q‘=  X2(g)Ql  + X'(g) 

with  X'(e)  = 0.  This  in  turn  will  be  recognized  as  the  action  of  the  isometry  group  Hc  on 
the  configuration  space  Qc  since  we  can  rewrite,  with  no  loss  of  generality 
fx.‘<g)  = A*(g> 

11001  1 

The  third  equation  of  the  Pfaff  system  relates  exact  1 -forms,  and  its  solution  is 
immediately  determined  to  be 

[101]  A*P1(i-^)-,=P1(,-^)-1  + X3(g) 

with  We)  - 0.  This  can  be  further  simplified  to 

»J  *|r, 

and  if  we  denote  Wg)(.-^)-Bl(g,. 

[1031  A|P,  =pI(i-^£i)  + (,-^.)Bl(g1 

We  now  use  these  in  the  last  equation  of  the  Pfaff  system,  and  obtain 

1 104]  A|P2=P2(l-^i)+2!-B1(g)  + V(g) 

with  X4(e)  = 0.  Redesignating  A.4(  g ) by  B2(g ),  we  finally  obtain  expression  (951,  and 
demanding  that  it  be  a group  action  is  enough  to  derive  the  multiplication  law  |94], 
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Note  that,  due  to  our  choice  of  integration  constants,  the  group  identity  is  parametrized 
by  (A,  B ) = (0. 0).  In  fact,  it  is  easy  to  see  from  expressions  [94]  and  [95]  that  there  is  a 
one-to-one  correspondence  between  the  group  manifold  Gc  and  the  phase  space  T*QC, 
and  die  group  action  is  identifiable  with  the  group  multiplication. 

If  we  denote  the  Lie  algebra  of  Gc  by  Qc,  i.e.  the  vector  space  generated  by  the  right- 
invariant  vector  fields  [88],  then  its  derived  algebra  is  <yc(|j  = [§c,^c]  = {X,,  3L,),  and 
therefore  (Jq2|  = [£[,|,  §C|t|]  = (0).  The  group  Gc  is  thus  shown  to  be  solvable , and  is 
actually  exponential,  i.e.  there  is  a smooth  bijection  between  exp(<?c)  and  Gc.  In  fact,  the 
one-parameter  subgroups  through  the  origin  of  Gc  generated  by  the  vector  field 

11051  %brIla,**+b'Sc«)efc 
are  of  the  form 

[106]  exp(- 1 £|abl)  = (A(i),  bid) 

[107]  J 

[b(d  = Jj-(i-r^)b+|i-{t  j-a 

These  equations  show  that  the  identity  is  connected  with  any  point  in  Gc  through  a 
one-parameter  subgroup,  and  that  the  action  A of  Gc  on  T Qc  is  free  and  transitive.  Thus 
Gc  is  a exponential  group.  Furthermore,  in  the  c-*°o  limit,  Gc  deforms  as  expected  to  the 
boost-translation  subgroup  of  the  Galilei  group  acting  in  T*IR2  = IR2x  |R2 . 


CHAPTER  6 

THE  WEYL-HEISENBERG  GROUP  Wc  IN  CURVED  SPACE 


Wc  will  note  ai  this  point  that,  when  one  uses  the  symplctic  formalism  to  describe 
classical  mechanics  on  flat.  Euclidean  space,  one  encounters  a familiar  ingredient  usually 
singled  out  in  the  connection  with  the  quantum  mechanical  formalism:  the  Weyl- 
Heiscnberg  group.  In  fact,  any  symplcdc  manifold  of  the  form  {T  IR" , to  = dpAtlq.  1 ) 
can  be  viewed  as  the  coadjoint  orbit  of  the  (2n+ 1 )-dimensional  Heisenbcig  group  Wn  on 
the  dual  of  its  Lie  algebra  Hi  -the  Canonical  Commutation  Relations  (C.C.R.)  algebra . 

Note  further  that  T IRn  is  homogeneous  relative  to  G = IR2" , acting  transitively  by 
the  mapping 


,0.1  A : ■f.rV—T-.r 

(g.m)  t-»  A (m)  = m + g 

In  canonical  coordinates,  m = (q,p),  with  p and  q e IR" , and  if  we  let  g = (a,b), 
vith  a,  b e IR" , this  action  reads 


1109]  Ag(m)  = (q+a,p+b) 


This  action  is  canonical  relative  to  the  natural  symplecdc  structure  0) = dpodq.  1 , and 
therefore  G = IR2"  is  a dynamical  group  for  the  free  dynamics  on  Euclidean  spaces.  Also, 
the  infinitesimal  generators  of  this  action  on  T IR"arc  hamiltonian  vector  fields 
Xe  T(T  IR"),  since  from  canonicity  of  their  flows  one  gets  £jj(0  = 0 . In  fact,  there  is  a 
Lie  algebra  homomorphism 


[110] 


a : g — *«am(T*n") 
$ -*  <K$>  - 
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11111  *!U-!l(a..p<-iB««1 


is  the  fundamental  vector  field  associated  wilh  the  Lie  algebra  generator 

In  (110),  Wara(T  IR")  denotes  (he  Lie  sab-algebra  of  Can(T’lR")  —the algebra  of 
infiniiesimal  generators  of  canonical  transformations  on  T IRn,  with  Lie  bracket  as 
anti-symmetric  product  — whose  elements  X e 9(am( T IR")  are  strongly  hamiltonian 
vector  fields,  i.e.,  those  for  which  the  closed  1 -forms  are  exact:  djj  = - d/, 

for  some/e  C^(T*IR"). 

Again,  in  local  coordinates,  if  we  set  £ = (a,b)  e Q-  Ifi2" , [111]  reads 
[112]  Xj  = a-3q  + b-3p 

since,  in  this  case,  the  exponential  map  is  the  identity  map.  It  is  also  apparent  that 
[1131  =-d(a-p-b-q) 

which  suggests  that  there  is  a correspondence 

[114)  — ►CrCt'iR") 

K ~M)  = [/ji 

between  each  clement  £ = (a,  b)  6 Q and  a class  of  functions  ( observables ) 

[115]  ^K)(q,p)=a  p-b  q + K6  Cp(T’lRn) 

with  ks  IR  an  arbitrary,  additive  constant. 

Moreover,  we  know  that  there  exists  a map: 

X : C~R(T*IRn)— *«flirr(T*IR") 

/ - X(/)  = X/ 

where  X/  is  defined  by  the  solution  of  the  exterior  equation 
[1171  Y=-d/ 
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In  canonical  coordinates 


[118]  Xy=-(9p/)-9q  + (3q/)-3p 


All  this  can  be  subsumed  with  the  diagram 


0— ► F— ► Cp(T*l¥')-^»7<iw.(r*IRn)  — «•  0 


11191 


in  which  the  upper  line  represents  an  exact  sequence  of  algebras  — taking  into 


Due  to  the  anti-symmetry  of  fi,  which  follows  promptly  from  [1221,  and  using 
Jacobi's  identities,  it  becomes  apparent  that  j!:  Q x tj  — * IR  is  indeed  a Lie  algebra  co- 
cycle, and  its  obstruction  to  the  homomorphic  character  of  jlo  can  be  removed  by  working 
with  a centra I extension  Wn  of  the  Lie  algebra  (j  by  IR  (sec,  for  example,  the  recent 
review  by  Tuynman  and  Wiegerinck  [Tuy]),  determined  by  setting  the  Lie  algebra 
structure  to  obey 


Note  however  that  fig  is  not  a Lie  algebra  homomorphism  in 


-d(j^)  = - = d(^(xXi®))  =\x^|(9 

“V-d/fcs 


i.e.,  there  is  a constant^,  J)s  IR  such  that 


[1221  Ao([£,  £0  = I£o<£).  +M  t> 


[1231 
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whereCjjk  are  the  structure  constants  for  the  non-extended  Uc  algebra  Q,  ij.  (i=l,2 n) 

a basis  of  Q and  fjR  the  generator  associated  with  the  extension  IR . Since  (7  is  abelian  in 
the  flat  case,  it  follows  from  this  that 


1124]  /(*,?)  = -{*>$).  £o<f»  =b-a'-a.b' 

It  is  then  apparent  that  Hi,  is  in  fact  the  Lie  algebra  of  the  familiar  Heisenberg  group 
of  dimension  2n+l  (sec  for  example  [Emc]),  here  denoted  W„. 

For  this  extended  Lie  algebra  fin  we  can  then  define  a Lie  algebra  homomorphism, 
called  a co-momentum  map,  ji:  lM(1  — ► C|p  (T*  IR"),  by  extending  the  definition  of  jj, 
to  map  ^Rto  the  constant  1 . This  in  turn  determines  a momentum  mapping  ft  for  the 

Lie  algebra  action  on  M,  by  setting 


p : M — *■»'„ 

m >-»  Wn  — ► IR 

(?.k) 

(Note  that  a momentum  map  for  a sympletic  action  a : Q — » Cfln(M.O))  only  exists  if 
each  o(£)  = Xj  is  globally  hamiltonian,  i.e.,  belongs  to  5/dm(M,co).  This  always 
happens  if  either  M is  simply-connected,  G is  semi-simple  or  5= [(j,  (?]). 

For  the  flat  case  we  have  been  considering  in  this  chapter,  ^Kj(m)  ~ a-p-b-q  + K; 
thus  a convenient  momentum  map  is  of  the  form 


[126]  P<q,p)=  (p,-q.O  6 

which  is  a consequence  of  [1 15]  insofar  as  we  agree  to  write  (£,k)  = (a.b.x)  for 
(£ic)e  K6  IR. 

We  now  focus  on  the  determination  of  a momentum  map  for  the  symplectic  action  of 
Gc  on  T Qc.  We  recall  here  that  this  presupposes  the  existence  of  a co-momentum  map 
which  establishes  an  isomorphism  between  the  algebra  obtained  via  a central  extension  of 
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the  solvable  dynamical  algebra  Qc  and  the  Heisenberg-type  Lie  algebra  generated  by  the 
basic  observables  (Q,  P),  whose  Poisson  brackets  in  (T  Qc)  are 


[127] 


'(Q>.P,)=i3(Pi)  = jQ2-l 
(Q’,P2)=£4(P2)  = iQ’-l 
(P,,P2)=S,(P2)  = ip, 

.{Q,.Q2)  = {Q,.P2)  = 1Q2.Pi)  = 0 


As  in  the  flat  case,  this  is  a realization  of  the  Lie  algebra  Hi  obtained  by  an  abelian 
extension  of  the  dynamical  algebra  (jt  by  IR  , in  such  a way  that  the  new  generator  t*  in 
the  center  of  Hi,  acts  trivially  on  T Qc  and  its  image  under  the  co-momentum  map  ji: 
He  — * C jp  (T  Qc)  is  iL(^)  = f^=  1.  The  commutation  relations  of  this  Weyl- 
Hcisenberg  algebra  are  now 


[128] 


'iyy = & 
■t-y  =*>-& 
iyy-t.-& 


where  we  have  used  the  abbreviated  notation  t = t|.  t " ?P2'  £3 = £qi  ■ln<l  4, = 4q2- 
Integration  of  this  Lie  algebra  in  order  to  obtain  the  corresponding  Weyl-Hcisenbcrg 
group  Wc  cannot  be  modeled  this  time  on  its  realization  as  hamiltonian  vector  fields  on 
T Qc,  as  the  image  oft  under  the  Lie  algebra  homomorphism  a : Hi — *J&m(T  Qc) 
is  0<t> = 0 . Instead,  we  use  the  fact  that  we  can  find  canonical  coordinates  of  tlie 
first  kind  X = fa?,  a1,  a2,  a?,  a?] on  Wc  (i.c.,  coordinates  such  that  AT(l)=exp(t£)  = t£ 
are  the  coordinates  of  a one-parameter  group,  for  £e  Hi  fixed)  relative  to  which  we  can 
define  a set  of  functions  B^fX ),  (k,o = 0.....4),  differentiable  to  the  second  order  at  least, 
such  that  the  1-forms  (3*  = Bc(x  )daf  satisfy  the  integrability  conditions 


[1291 


'dp°  = -(p'Ap5  + p2AP‘) 
dP‘=-ip'AP* 
dp2=  0 
dp3  = 0 

.dP‘  = i(P>Ap3+p2Ap‘) 


[130]  a,(E$(U ))  = 8*  - Cjp  B J(w ) with  B>^ ) = 0 


lull  a:p«=p« 


aiB°  = e°+,3Bl  + ^B2-<1B3-^BJ 
e'  + ^B'-^B2 


aiB'  = C1-l^B'-^B2+^B3+i^BJ 
= B*(tjr ) e°,  so  drat  we  can  write  p*- d*  • B*  | w.  Tl 
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B°  = te°+cte4-cB4ft,xl 

B2=  te2 
[133J  B3  = te3 

Although  these  seem  too  complicated  to  be  of  use,  we  note  that,  in  a sense,  we  already 
have  some  information  on  how  to  simplify  the  following  computations.  We  know  of  a 
realization  for  the  sub-algebra  of  1VC  generated  by  , ^},  and  we  can  find  a 

coordinate  system  in  which  their  dual  1-forms  (P  ,P  ,P  ,P*)  have  the  simpler  expressions 
[91],  This  is  accomplished  by  the  transfotmation 

{^(Q.P)  — Q1  ACQ2) 

4?<Q.P)=-Q2/«Q2) 

^(Q.P)=  PifltfHQ'Pi/TW2) 

^(Q,P)=  P2fi(Q2)-Q'P,A'(Q2) 

1135]  KQ2) -$&(«-£)  = 

Thcrefote  we  need  only  concern  ourselves  with  integration  of  equation  [131]  forK=0, 
in  which  we  have  explicitly 

[136]  p°=da?+cda?-cp4 


[137] 


d(A**? + C a:<*)  - c a:p4  = d(aP + c t)  - C P4 
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Since  p4  has  no  d*°  component  and  really  depends  only  on  the  (Q,P)  coordinates,  we 
have  Aep4-  p4  = 0 (recall  that  the  1-forms  {p‘,p2,p3,p4)  are  Maurer-Cartan  forms  for 
the  subgroup  Gc  generated  by  the  sub-algebra  <jc  C Wc,  with  multiplication  law  [94] ), 
we  finally  solve  for  the  extended-group  multiplication  law  A„  by  integrating  equation 
[137]at*  = [0,(Q,P))  with  initial  conditions  X0  = [0b,(A.B)l,  and  get 


[138]  z“(At(*o.*))  = 0o+0  + c [ tfA.B)  + ^(Q,P)  - af((A,BJ(Q,P))] 

where  (A,B)(Q,P)  is  the  product  [95],  and  for  which  the  functions  af((A,B)(Q,P)) 
provide  the  solutions  of  the  remaining  equations  [131]  with  K*0. 

It  is  interesting  to  observe  that,  although  the  cooidinate  transformation  [134]  diverges 
in  the  flat  case  limit  c— >*»,  expression  [138]  behaves  correctly  as  can  be  seen  from 


[139] 


lim  fi(Q!)  = -1 
lime  A'fQ2)  = - j 
lim  ctAtAQ)1)-/!^)]  = - jA2 


and  the  careful  handling  of  the  expansion  of  the  last  term  of  the  r,h.s.  of  [138],  which 


[ 140]  lim  ^P(A,(jr0Jl ))  = 0o+0+j[Q  B-P  A] 

This  is  a curious  phenomena  that  is  linked  to  the  fact  that  the  last  term  of  the  r.h.s.  of 
[138]  is  a trivial  cocyclc  in  the  zero  class  of  the  second  cohomology  of  the  curved  Weyl- 
Heisenberg  group,  whereas  the  corresponding  term  in  [140]  is  non-trivial : in  fact,  for  the 
flat  Heisenberg  group  this  is  the  mass  1 cocyle  [Bar].  Wc  recall  that,  given  a Lie  group  G, 
an  abelian  group  E and  a representation  p:  G — ► ’EiuKE),  we  can  define,  for  every  integer 
k>  0,  the  space  of  non-homogeneous  keochains  of  G,  with  values  in  E,  as  the  space 
Cf(G,E)  of  differentiable  mappings  0:  Gk — ► E.  In  the  case  fe-  0,  the  space  fi>( G,E)  of 
non-homogeneous  0-cochains  is  identified  with  E.  The  graded  vector  space 
C(G,E)  = © QG.E]  with  the  coboundary  operator  8 e '£m/( C(G,E))  defined  as 
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[141]  8[d](g|,g2,...,gk,1)  = p(gl)«(g2,g3,...,gk,l)  + 

+ Z(-i)‘  o(gi-g2,--gi,gigi.i,gi.2,,gk.i) + 


is  called  a complex  of  non-homogeneous  cochains . The  cohomology  of  the  Lie  group  G 
associated  with  the  representation  p is  the  cohomology  of  this  complex.  Any  cochain 
whose  coboundary  is  nul  is  called  a cocycle,  and  the  identity  5°5  ■ 0 implies  that  all 
coboundaries  are  cocycles  but  not  vice-versa ; the  quotient  set  of  all  k-cocycles  modulo 
k-coboundarics  is  the  k-th  cohomology  group  Hf(G,E). 

The  cocycles  in  HjfG.E)  classify  the  possible  inequivalent  central  extensions  of  a 
group  G,  and  in  the  case  E = U(l)  these  are  also  relevant  for  the  determination  of  the 
unitary  ray-representations,  or  projective  representations,  of  G.  These  are  realizations  of 
G (or  a neighborhood  of  the  identity  e thereof)  as  unitary  operators  U on  some  Hilbert 
space  verifying  the  conditions 

11421  ^ UgUg-  = aHg , g')Ugg- 

where  0)(g,g')  is  a complex  number  of  modulus  1 (the  local  factor  of  the  given  ray- 
representatton),  g and  g'e  G . Furthermore  co(e.e)  = 1 and  associativity  of  the  group  law 
implies  that 

[143]  re(g,g-)  w(gg-,g-)  = o>(g,g-g-')  oXg',g~) 

Given  one  such  local  factor  0),  one  can  get  equivalent  factors  <■>',  related  to  the  first 
one  by 

[144]  m'(g , gO  = <o(g , g-)  p(g)  0(g')  fltlggl1 

This  factor  defines  an  equivalent  ray  representation  Ug  = p(g)  Ug , where  lp(g)l  = 1 . 
Oftentimes  it  is  advantageous  to  deal  with  ordinary  rather  than  projective  representations, 
and  since  the  operators  contained  in  any  operator  ray  are  of  the  fotm  e ‘”Ug,  fle  IR , and 
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form  a group  under  multiplication,  it  proves  convenient  [Bar]  to  define  a local  exponent 
5(g/g")  which  relates  to  a local  factor  through  the  expression 

[145]  Mfg.gO-e^'8'81 

[146]  (eiflUg)(«ifl  Ug-)  = "Ugg- 

We  therefore  sec  that  a local  exponent  defines,  at  least  locally,  a local  group  extension 
ofG  by  IR,  whose  elements  arc  pairs  (g,0)  with  multiplication  law 
1*47]  <g,0)(g',fl')  = (gg',«  + 0'  + £(g,g-)) 

For  any  local  exponent,  we  have  as  a consequence  of  [143]  or  the  requirement  of 
associativity  for  this  multiplication 

tun 

lS<&g')  + S<gg',g")  = ^<g.g'g")  + 5<g'.g") 

Looking  at  the  definition  [141]  we  recognize  that  the  second  line  in  [148]  is  the 
statement  that  § is  a 2-cocycle  in  CjfG.IR).  Accordingly,  two  local  exponents  are 
equivalent  if  a real  valued  continuous  function  Cfg)  exists  such  that 

[149]  r-i  + «Ki 

[150]  8[C]<g,g-)=C(g)+C(g'>-C(gg-> 

Taking  [ 1 38]  into  consideration,  it  is  apparent  that  our  local  exponent  is 

[151]  £ ((A,B),  (A',B0)  = c [a?(A,B)  + a^(A',B ')  - ^?((A,B)(A',B'))]  = 

= 8[caf]((A,B),(A,B-)) 

and  is  therefore  in  the  zero  class  of  H2(G,IR).  The  fact  that  we  arc  dealing  here  with  a 
connected,  simply-connected  Lie  group  Gc  is  enough  to  guarantee  [Bar]  the  existence  of 
an  extension  of  the  local  exponent  % to  the  entire  group,  and  the  fact  that  the  local 
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exponent  is  equivalent  to  zero  indicates  that  the  induced  unitary  representation  that  ensues 
will  be  oidinary  (i.e. . one  for  which  the  factor  of  a unitary  ray-representation  is  equivalent 
to  1).  For  the  non-simply-connected  cases,  one  has  to  resort  to  the  universal  covering 
group  G of  G,  which  is  simply-connected,  and  in  order  to  find  the  ray-representations  of 
G it  is  only  necessary  to  select  those  of  G which  map  every  element  of  a discrete  central 
invariant  subgroup  DC  G into  the  unit  ray.  Here  D is  such  that  G = G/D. 

Given  that  the  local  properties  of  the  neighborhood  of  the  identity  of  a Lie  group  G arc 
mainly  determined  by  the  structure  of  its  Lie  algebra  §.  in  most  cases  of  interest  the  local 
exponents  can  be  determined  from  the  infinitesimal  analysis  on  G.  Following  here  the 
work  of  Bargman  (Bar],  define  any  real-valued  antisymmetric  bilinear  form  E on  the  Lie 
algebra  <7  which  verifies  the  relation 

[i52]  8[5](u-.n  - sattir) + stxxvs) + = <> 

to  be  an  infinitesimal  exponent.  Each  local  exponent  ^ corresponds  to  one  such  infinitesi- 
mal exponent  — through  the  limit 

ass  aftO-ij,  ,->U(e-S,  «<!),«  A<t, 

This  expression  actually  follows  from  the  compulation  of  the  commutation  relations  in 
the  local  group  extension  determined  by  f;  and  the  multiplication  law  1147],  by  performing 
the  usual  limit  of  the  product  T '2(C  ^,-tX)(  e‘*S,  -tk)(  dT^,xX)(  d^,  tic)  to  define  the  Lie 
bracket  of  (J,X)  and  (£,k)  in  the  extended  algebra,  which  turns  out  to  be 
[154]  [(&X),(4,k)]  = ([£,£], 

To  determine  the  possible  infinitesimal  exponents  in  practice,  one  has  to  evaluate  1 1 52) 
for  a particular  basis  of  (},  which  is  tantamount  to  solve  the  linear  system  for  the 
components  S^,  of  — in  that  basis 


[155] 
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where  c£p  arc  the  structure  constants  of  (j.  We  have  solved  the  corresponding  problem 
for  the  dynamical  group  Gc,  and  in  the  basis  speciiied  by  £3'  til lhe  possible 

infinitesimal  exponents  are  of  the  form 

1 l56l  —„6c  ~ s P' AP2  + 6 (P1  Ap3  + p2Ap4)  + c p2ApJ 

with  a,  6 and  c arbitrary  constants  in  IR  and  PK  the  dual  forms  to  the  The  specific  case 

of  the  exponent  [151]  corresponds  to  the  infinitesimal  exponent 
[157]  50  = — 1(P‘aP3  + P2aP4) 

Notice  how  this  can  be  rewritten,  when  evaluated  at  arbitrary  £,  £e  Q,  as 

i>58]  s0(t$-p4([£.g).8[p4](U) 

where  the  last  identity  is  merely  the  restatement  that  the  infinitesimal  exponent  E is 
associated  with  a local  exponent  C,  equivalent  to  zero. 

In  the  following  section,  we  will  analize  the  representations  allowed  by  the 
extended  group  Wc  using  the  method  of  orbits,  and  address  the  physical  meaning  of  the 
quantization  procedure  associated  with  the  geometric  quantization  programme. 


CHAPTER  7 

HARMONIC  ANALYSIS  ON  Wc  AND  GEOMETRIC  QUANTIZATION 


Given  a Lie  group  G,  (he  problem  of  obtaining  the  set  G of  its  irreducible,  unitary 
representations  (u.i.r.)  has  been  completely  solved  by  Kirillov  (Kir)  for  the  case  of  nilpo- 
tent  groups.  In  his  method  of  orbits,  these  representations  may  all  be  constructed  from  the 
orbits  of  the  coadjoint  representations  of  G on  § , the  dual  of  its  Lie  algebra.  Further- 
more, to  each  such  orbit  corresponds  a unique  (equivalence  class  of)  u.i,r.'s.  Viewed 
from  another  perspective,  Kirillov's  method  of  orbits  yielded  an  inspiring  example  for  a 
general  program  now  known  as  Geometric  Quantization,  originally  developed  by  Souriau 
[Sou]  and  Kostant  |Kos],  whereby  symplcctic  mechanics,  differential  geometry  and  Lie 
group  representation  theory  are  brought  together  in  an  attempt  to  clarify  the  relations  be- 
tween the  classical  and  quantum  descriptions  of  Physics.  In  this  connection,  the  nature  of 
the  coadjoint  orbits  of  the  dynamical  group  of  a elementary  system  is  critical  in  the  geo- 
metric quantization  process,  since  only  those  orbits  O for  which  (Ogdetermines  an  integer 
cohomology  class  in  H2(0,Z)  will  be  quantizahle,  i.e.,  can  possibly  be  associated  with  a 
unitary  representation  of  G (except  for  nilpotent  G,  these  will  not  be  irreducible  in 
general).  But  already  at  the  classical  level,  this  approach  benefits  from  the  fact  that  any  G- 
homogeneous  symplcctic  manifold  is  locally  modeled  by  a coadjoint  G-orbit,  in  the  sense 
that  one  can  always  arrange  its  chans  to  be  local  coverings,  as  symplectic  manifolds,  of 
one  such  orbit  (see  below).  Indeed,  there  is  a stronger  result  that  slates  that  all 
G-homogeneous,  hamiltonian  symplectic  manifold  can  be  obtained  as  a covering  of  a 
coadjoint  orbit  of  G. 

In  the  case  of  type  I groups,  an  arbitrary  unitary  representation  can  be  expressed 
'uniquely'  as  a direct  integral  of  irreducible  representations.  For  connected,  simply 
connected  solvable  Lie  groups,  Auslandcr  and  Kostant  lAus)  have  shown  that  type  I is 
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equivalent  to  having  every  coadjoint  orbit  be  the  intersection  of  an  open  and  a closed  set, 
with  a symplccdc  structure  cohomologous  to  [0].  In  this  case,  unitary  representations  of 
G can  again  be  obtained  from  the  coadjoint  orbits  of  G on  Cj  but,  unlike  the  nilpotent 
case,  several  representations  can  be  associated  with  the  same  orbit.  Furthermore,  they  arc 
not  irreducible  in  general,  although  one  can  obtain  irrcduciblcs  by  introducing  different 
polarizations. 

There  is,  however,  a special  class  of  solvable  groups  for  which  the  parametrization  of 
0 is  given  by  the  coadjoint  orbits:  this  is  the  case  of  the  exponential  solvable  Lie  groups, 
i.e.,  those  for  which  the  map  exp:  § — ► G is  bijective.  Then  G is  again  in  one-one 
correspondence  with  Cj /G  and  the  irreducible  representation  associated  with  any  orbit  O 
is  induced  by  a unique  characterx  and  a retd  polarization  ft  suitably  chosen. 

We  have  shown  in  the  end  of  the  last  chapter  that  the  group  Gc  is  indeed  exponential, 
therefore  type  1.  Here  we  analyze  the  orbit  structure  of  the  coadjoint  action  of  the  central 
extension  Wc  of  Gc,  and  show  that  there  is  in  this  case  a one-parameter  family  of 
4-dimensional  orbits.  From  this  we  will  conclude  that,  up  to  equivalence,  there  is  a unique 
unitary  irreducible  representation  of  the  C.C.R.  determined  by  Wc  once  the  parameter  has 
been  chosen  to  equal  the  experimental  value  of  Planck's  constant,  just  as  in  the  flat  case. 

Wc  recall  that  the  adjoint  action  of  a Lie  group  G on  its  Lie  algebra  Cj  is 


where  ge  G and  £e  Cj.  Consequently,  the  coadjoint  action  of  a Lie  group  G on  the  dual 
Cj  of  its  Lie  algebra  Cj  is  defined  as 


1 160]  3»g  a = «*•*<%-*  = *<£.*!«  ( V ae  q",  ge  Gc ) 

A notable  characteristic  common  to  any  orbit  Oc  Cj  of  the  coadjoint  representation 
%fis  that  each  possesses  a canonical  symplctic  structure  CO^IKir)  which  is  preserved  by 
the  coadjoint  action,  i.e.,  'KdgOi() = 0)^  thus  these  orbits  are  G-homogeneous  sympletic 
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manifolds.  In  fact,  since  0 is  generated  by  the  action  of  G,  the  one-parameter  group 
through  Cte  O determined  by  the  flow  of  Xe  TO  is  of  the  form 

[161]  exp(-t  X)  (a)  = JC4xp(.l5x)  a 

where  £xe  Q is  the  Lie  algebra  clement  which  generates  a fundamental  vector  field  on 
0 that  takes  the  specified  value  X at  a. 

The  canonical  sympledc  structure  on  O is  then  defined  as 

[162]  0>o(x,Y)|a  =tft  5ja  =a([£x.£y])  (v  a<=  g‘.  x.Yo  to) 

We  will  show  now  that  any  momentum  mapping  |i  : M — * Cj  for  the  sympletic 
action  cj:  §—*  Cn'i(M,lOM)  on  a G-homogcneous.  hamiltonian  sympletic  manifold  M 
is  in  fact  a covering  of  some  orbit  Oc  Cj  of  the  action  [160].  This  means  that  the 
sympletic  structure  of  M.  (0M,  is  the  pull-back  by  p of  the  canonical  sympletic  structure 

[162]  on  0 

[163]  tO„  = n*(0o 

and  that  the  hamiltonian  structures  of  both  manifolds  are  isomorphic,  i.e, 

[164]  n,(x£)=x£ 

restriction  to  the  identity  of  the  tangent  map  to  the  adjoin  action  [159],  and  is  frequently 
denoted  as 

lira  fl, tfl -if.  t) 

Note  also  that  any  clement  (j  can  be  viewed  as  a linear  function  6^(a)  = ct(£),  for  tx 
in  OC  (j  .and  thus  it  is  legitimate  to  evaluate  Xy(/i>)  at  an  arbitrary  point  aeO 


- luw^tO)  ■ “fte-<o  - 

If  wc  now  sci  Ctto  be  ]lm , we  gel  from  [ 1 66]  and  die  definition  of  momentum  map 

11671  x&>  lp„  - 1*  M * ])  “/(J,  t , w - ( lm  = x5>^)  l„  = 

= X^exP(-t4)n,)}  = 

= afUK«pHt)»ft)}-  = 

This  therefore  proves  [164],  whereas  [163]  follows  as  a consequence  of  (162]  and 

[168]  (0„(X^,X^l)|iii  = / <■#  =M»(lt5])  = <0o(x£x£)|^= 

= o)0(4.(x^),n.(xp)|^= 

= n'ffl^.Xj)^ 

The  pradcal  way  of  computing  die  coadjoint  action  is  to  relate  it  to  the  adjoint  action  of 
the  group  on  its  Lie  algebra,  using  the  definition  [ 159]  above.  First,  we  agree  on  using  the 
more  convenient  coordinate  system  on  Wc,  Le.,  the  one  in  which  the  multiplication  law 
between  (ft  g ) and  (8 ",  g" ) in  Wc  is  expressed  as 

[169]  [ftg)[e;g'i  =(A(a.b»(8',(a;b')i  = 

= {8+  8'+  S[c  *?]((A,B),  (A',  B >),  (A,  B )(A;  bo) 


[170] 


V(A.B)=BJ«(AJ)-A'B1fi'(AJ) 

(A,bka;b')  = (a+(i-^)a',b+(i-^)b-^-j.a) 

,8[c  ^]((a,b),(a;b  -))  = c [ /(A.B) + Aa;b-)  - ^((a.bxa  3 '))] 


and  ftCQ2)  =Qt0t[l—^),  with  ft'  = . as  defined  previously. 

Accordingly,  a convenient  basis  for  the  Lie  algebra  'll-c  is  such  that  a generic  element 
in  it  can  be  represented  as 

in  which  case  the  one-parameter  subgroup  that  ^ a ^ generates  is  described  by 
[ 172]  exp(- 1 ^Ab)  ) = (t  p,  (A(t.a.b),  B(i.a.b))) 

[173]  ) 


Using  these  definitions  in  [159],  we  are  thus  able  to  calculate,  for  (0,  g)=  (0,  (A.B )]: 
174]  -Mo.g&p.a.b) = ^p(8®.a(04),b(0«)) 


p(#.g)  = p + bA-a-B 

a(«.g)  = (i-^)a  + ^A 

,b0,gl  = (i-^)b-^a+^B  + fO'A 


Evaluating  now  the  result  [174]  with  the  linear  form  Q = [y,  (cc,  p )J  f=  ‘Hf*  we  obtain 
the  desired  expression  for  the  coadjoint  action,  albeit  in  terms  of  [0,  g l*1: 
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[1761  )-'  a ■ Afag )Q  - a'Mte.g I " («W.PW)I 


tY(fl.g)  = Y 

ot(«.g)  =«.+  (&+y)B  + ^J-A 
P<«.g)  = P-(^+Y)A 

We  immediately  conclude  from  this  that  y is  one  of  the  parameters  that  distinguishes 
different  orbits,  since  it  is  not  affected  by  the  coadjoint  action.  Next,  we  observe  that  the 
conditions 


determine  all  0-dimensional  orbits,  i.e.,  all  the  fixed  points  for  the  coadjoint  action  of  Wc 
on  •h£.  Then  again,  the  conditions 


determine  all  2-dimcnsional  orbits,  and  there  is  a 2-parameter  family  of  these,  with 
parameters  (y,  ) e In.  Finally,  the  condition 

[180]  P2*-cy 

is  necessary  to  determine  all  the  4-dimensional  orbits,  and  in  fact  there  is  a doubty- 
degenerate,  one-parameter  family  of  such,  indexed  by  the  value  y.  We  recall  here  that, 
whereas  Be  IR2,  A is  constrained  by  tile  requirement  - oo  < A2  < c.  This  means  that  these 
4-dimensional  orbits  have  a boundary  at  finite  distance,  determined  by  the  equation 

p2(«-S)  = P2-(£+Y)A2 


[1811 


When  fe  < -cy.  equation  [181]  implies  that 


[182]  -oo<p2(fl,g)<-cy 

and  when  -cy  < • we  verify  that 

[183]  -cY<fc(«g><+~ 

Furthermore,  given  p2  and  P2  in  one  of  the  domains  [182]  or  [183],  it  is  easy  to  show 
that  there  is  a unique  value  of  A2,  (-00  < A2  < c),  such  that 

[184]  fc  = fc-(£+T)A2 

This  therefore  proves  that,  apart  Horn  the  value  J,  only  the  direccion  of  the  inequality 
[180]  is  in  addition  necessary  to  uniquely  determine  one  of  the  4-dimensional  coadjoint 
orbits.  We  have  thus  obtained  a classification  of  all  the  coadjoint  orbits  of  our  solvable 
group  Wc,  and  one  of  these  must  be,  as  we  have  previously  shown,  symplcctomorphic  to 
our  phase-space.  Recalling  that  the  symplectic  form  in  phase  space  T Qc  is  given  by  [89] 
in  righr-hamiltonian  coordinates  [87],  we  see  that  the  hamiltonian  vector  field  associated 
with^C^(T*Qe)  is: 

[185]  X/  = (t -^)(3p/)- 3q  - { (|  -?)(3q^+ j(3p^ ) • dp 
and  an  elementary  calculation  reveals  that,  for 

nw 

we  can  define  a co-momentum  map  ji:  Hi  — * C|p  (T  Qc)  whose  action  is  of  the  form 

[187]  = a-P  + b-Q  + pe  Cp(T*Qc) 

In  this  case,  the  momentum  map  is  simply 

[188]  ]»<Q,P)=  P°+ JjfPcP'+Q'P”’)  6 h£ 
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whcrc  the  [S'  arc  the  dual  forms  to  the  The  map  [ 1 88]  is,  as  expected,  a covering  from 
the  symplectic  manifold  T Qc  to  the  orbit  determined  by  y=  1,  P2  < c - 

For  the  purposes  of  quantum  mechanics,  we  are  interested  in  finding  all  the  possible 
unitary,  irreducible  representations  of  Wc.  The  generalization  of  Kirillov's  results  to 
solvable  groups  has  been  done  by  Auslander  and  Kostant  [Aus],  who  showed  that,  for  G 
a connected,  simply-connected  solvable  Lie  group,  there  exists  a strongly  admissible 
positive  polarization  ft  at  any  point  ocg  G and  that  any  such  polarization  satisfies  the 
Pukansky  condition  (which  for  exponential  groups  reads  %fH  ot  a ot+  ft1,  where 
ft1^  Q denotes  the  space  of  linear  functionals  vanishing  on  ft  and  H = GaH0;  here 
HpC  G is  the  connected  component  of  the  subgroup  of  G with  Lie  algebraft  and  GaC  G 
is  the  stabilizer  of  a).  Then,  when  oc  belongs  to  an  integral  coadjoint  orbit  O (i.e„  the 
natural  symplectic  structure  (162)  defines  an  integer  cohomology  class  in  H2(0,Z))  a 
character  1)^  can  be  defined  on  Gtt  whose  differential  is  the  restriction  of  2tti  ot  to  the 
Lie  algebra  fjL  of  G ■ from  this  character  and  polarization  ft  at  ot,  the  induced 
unitary  representation  indo(T|  a,  ft)  of  G,  may  be  formed  which  is  irreducible  and 
independent  of  the  positive,  strongly  admissible  polarization  ft  at  ct . Furthermore,  if  G 
is  of  Type  I any  a is  in  an  integral  co-orbit,  and  every  irreducible  unitary  representation  of 
G is  of  the  form  indoCHof  fo)  <a  connected,  simply-connected  Lie  group  is  of  Type  I if 
and  only  if  the  symplectic  structure  of  every  coadjoint  orbit  O is  in  the  zero  class  of 
H2(0,IR ),  and  every  0 is  the  intersection  of  a closed  and  an  open  set  in  (?  1 these 
conditions  are  realized  for  our  group  Wc) . Finally,  two  representations  of  this  form  are 
equivalent  if  and  only  if  they  are  induced  from  characters  and  Tj^.  at  points  eti  and 
otz  in  the  same  co-orbit,  such  that  L ’ T)a.,  = T|ai,  where  gsG  and  L„Gtt|  = G,*,. 

The  most  notable  difference  between  Kirillov's  results  for  nilpotent  groups  and  the 
representation  theory  for  solvable  Type  I groups  resides  on  the  fact  that,  in  general,  the 
bijcctive  correspondence  between  coadjoint  orbits  (?/G  and  unitary  irreducible 
representations  of  G no  longer  holds  since  the  character  T)  ^ is  not  necessarily  unique. 
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This  is  because  (he  stabilizer  Gtt  can  have  non-trivial  topology,  and  if  we  denote  by 
nf(O)  the  group  of  characters  for  (the  quotient  of  the  stabilizer  of  a point  tx€  O 

by  its  connected  component  of  the  identity.  Gjj^)  - which,  is  naturally  isomorphic  to  the 
fundamental  group  ri|(C0.  hence  the  notation  - we  can  obtain  all  the  characters  at  a by 
multiplying  one  of  them  by  the  elements  of  rii(0).  A general  result  in  geometric 
quantization  [Kos]  equates  this  ambiguity  with  the  set  of  all  equivalence  classes  of  line- 
bundles-with-conncction  £(0,V,fi)  on  O.  whose  curvature  is  2iti  (i)0and  which  possess 
a compatible  hermitean  structure  L Thus  the  generalization  of  Kirillov's  theorem  to  a 
connected,  simply-connected  solvable  Lie  group  G of  Type  1 can  only  state  that  the 
u.i.r.’s  of  G are  parametrized  by  the  union,  over  all  coadjoint  orbits  O,  of  the  set  of 
equivalence  classes  of  hermitean  linc-bundles-with-connection  over  O.  Only  when  every 
orbit  Oe  (?/G  is  simply-connected  can  we  assert  the  bijection  between  co-orbits  and 
u.i.r.’s  of  G,  and  this  happens  always  for  the  exponential  case  Since  we  already  saw 
that  our  group  Wc  is  exponential,  the  problem  of  finding  all  u.i.r.  is  completely  solved; 
thus,  we  can  assert  that  the  von  Neumann-Stone-Mackey  uniqueness  theorem  extends, 
from  the  usual  case  where  the  configuration  space  (IBn)  is  flat,  to  the  curved  situation  (Qc) 
considered  in  this  dissertation. 


CONCLUSION 


The  results  obtained  in  the  preceding  chapters  prove  that  it  is  possible  to  perform  a 
mathematically  sound  quantization  in  spaces  of  constant  negative  curvature,  and  they 
show  why  the  necessary  Canonical  Commutation  Relations  cannot  be  postulated  to  be  the 
ones  attached  to  the  traditional  Heisenberg  algebra:  when  applied  to  situations  other  than 
that  of  a flat  configuration  space,  these  can  merely  hope  to  describe  a linearized  version  of 
the  dynamics  in  a local  region.  As  was  already  noted  by  Isham  [IshJ,  a general  quanti- 
zation procedure  on  an  arbitrary  configuration  space  Q must  include  the  determination  of 
an  appropriate  analogue  of  the  flat  C.C.R.,  and  it  was  our  purpose  here  to  show  how  this 
can  actually  be  implemented  in  a specific  example. 

The  choice  of  the  2-dimensional  Poincare  half-plane  Qc  was  motivated  by  a previous 
work  of  Prof.  Emch  [Emc]  where,  starting  from  the  quantum  mechanics  as  formalized  by 
Mackey's  [Macj  systems  of  imprimitivity  for  homogeneous  Riemannian  manifolds,  one 
obtains  the  Jordan  and  Lie  structures  of  the  classical  theory  from  purely  quantum  princi- 
ples, via  a classical  limit  It— >0  of  the  inital  Mackey's  axiomatization.  It  was  shown  there 
that  the  classical  limit  implements  a correspondence  principle  from  quantum  to  classical 
observables,  that  in  the  curved  case  his  process  of  geometric  dequantization  determines 
unambiguously  the  classical  momenta  observables  associated  to  the  configuration  space 
coordinates,  and  that  these  differ  from  the  Darboux  coordinates  usually  taken  as  the 
canonical  momenta.  My  approach  here,  being  the  revetse  path  of  that  paper,  allows  us  to 
confirm  and  better  understand  the  nature  of  those  momenta  observables:  they  arc  precisely 
the  hamiltonian  functions  of  the  vector  fields  that  generate  the  subgroup  Hc  of  the  full 
isometry  group  of  the  configuration  space  Qc.  i.e.,  the  generators  of  translations  in 
configuration  space. 
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The  thrust  of  this  dissertation  concentrated  on  finding  the  correct  canonical  group 
acting  transitively  on  the  phase  space  T Qc  by  using  a differential  geometric  approach, 
and  then  on  implementing  the  geometric  quantization  methodology  to  classify  tile  possible 
quantizations  of  the  new  C.C.R.  We  were  Ulus  able  to  show  that  there  is  a generalization 
of  the  Stonc-von  Neumann  theorem  to  the  curved  configuration  manifold  Qc,  analogous  to 
the  one  known  for  Qo=  IRn  in  that  there  is  a one-parameter  family  (parametrized  by  the 
value  of  h)  of  inequivalent  classes  of  irreducible  unitary  representations  of  the  Wcyl- 
Heisenberg  group  Wc,  and  each  of  these  classes  is  equivalent  to  an  irreducible 
representation  obtained  from  a co-adjoint  orbit  0 C 'Ik?  by  induction  of  a character  on  the 
orbit,  chosen  together  with  a strongly  admissible  real  polarization,  that  we  know  always 
exist  since  we  show  that  Wc  is  a solvable,  simply  connected,  exponential  Lie  group. 


APPENDIX 


Let  M represent  a n-dimensional  manifold.  We  assume  here  that  the  domains  Tin  and  local 
triviahzations  (pa:  a„CM-)  IR"  are  known  for  a given  atlas  of  M.  We  will  also  assume. 

throughout  this  work,  that  the  summation  convention  on  repeated  indices  (ij, ...  = 1,2 n)  is 

enforced  and  denote  for  simplicity: 


In-11  q = q1  Ci  (dropping  the  subscript  a as  long  as  a particular  choice  of  coordinate  patch 
is  consistently  chosen)  the  coordinate  map  giving  the  local  representation  of  any  point  in  M 
as  an  element  in  IRn . When  no  confusion  arises,  we  will  refer  freely  to  a point  m e M as 
the  point  qe  IR" , it  being  understood  that  we  mean  the  point  whose  local  coordinates  in  a 
particular  chart  Va  is  given  by  tpa(m  )=  q (m  )=  q \m ) ej 

[n-2]  (q,  p)  = (q‘  e, . Pj  e>  ) the  coordinate  map  giving  the  local  representation  of  any 
point  in  T M and  its  local  representation  as  an  element  of  IR"  x (IR")  . 

[n-3]  3q  = e'sdqi  (resp.  3p  = ej®3pj)  a (IR")*-valued  (resp.  IR" -valued) differential 
operator,  acting  on  C°°(T  M)  by  the  assignments  3q/=(3qi/)ei,  (resp.3p/=(3pj/)ej). 

In-4]  dq  = dq'®ej  (resp.  dp  = dpj®ei ) a IR" -valued  (resp.  (IR")*-valued)  1-form  on 
T*M,  which  we  can  'contract'  in  two  ways 

[n-5]  dq-dq  = dq'®3qi  (resp.  dp-3p  = dpj®3p.)  i.e„  the  contraction  with  respect  to 
duality  in  IR" : 

(n-6)  tg^  dq  = e'®et  = 1 (resp.  dp  = ej®e)  = 1*)  i.e.,  the  contraction  with  respect  to 
duality  in  T(T*M). 

These  conventions  are  of  use  in  writing  'index-tree'  local  expressions  for  objects  in 
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[n-71  TM  3 X = v-3q 
[n-8]  T*M  aa-dq-n 
[n-9]  T(T*M)  3 X = u-3q  + W-3p 
[n-10)  T*(T*M)  3 a = dq-a  + dp-b 


wilh  V = V'ej6  7(M.IRn); 

with  n = iqe'£  7(M,IRn*); 

wilh  U € ‘F(T*M,lff’)  and  We  y(T*M,IRn*); 

wilh  ae  jr(T*M.IRn*)  and  be  y(T*M,IRn). 


For  example,  ihe  derivation  map  on  C°°( T M)  can  be  wrinen  as 
[n- 11]  d/(P.q)=  (dq-3q  + dp-dp)  /(p.q) 

We  also  define  ihe  exterior  products 

[n- 12]  dqAdq  = dq‘Adqi®ej®Cj  (resp.  dpAdp  = dpiAdpj®e'®ei) 
[n-13]  dpAdq  = dpjAdq'®ei«ei 


With  this  definition,  we  note  that 

[n-14]  dqAdq=  -dqAdq-i  when  i = ci®c'®Ci®Cj. 

[n-15]  dpAdp  = - dpAdp-4  where  £ = ei®Cj®ei®e' 
and  likewise 

[n- 16]  dpAdq  = - dqAdp-T  where  t = ej®ei®e'®e, 

Finally,  we  define  the  exterior  derivative  of  a 1-form  Ot  = dq*a(p,q)  + dp-b(p,q)e  T (T  m)  as 
[n-17]  da  = - dqAda  - dpAdb  = 

= - dqAdq-(dq  a)  - dqAdp  (dp  a - ?-3q  b)  - dpAdp-  (3P  b)  = 

= -dqiAdqj®ei®ej-(ci'«ei’)  3qi'aj-  - 

- dq'Adpj®ei®ei  -(ej-®e‘')(  dpj-af  - 3qi'  bi')  - 

- dpiAdpj®e'®ei-(ei'®ej)  3prbi'  = 

= (3qi  aj)  dq'Adqi  + ( dpjai  - 3qi  bi)  dpjAdq'  + 3p,bi  dpjAdpj 
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Nolc:  In  some  rare  instances,  it  might  be  necessary  to  'raise'  or  'lower1  indices  for  some  of 
these  objects.  With  that  in  mind,  we  define 
[n-181  8"  = 8y  e'sei  (resp.  8 = 8'i  ei®ej) 

[n-191  dp  = dp-S  = 8‘i  dpi®ej 
[n-20]  dp  = 8*-3p  = Sy  e'®3p. 

If  N is  another  k-dimensional  differentiable  manifold,  and  p:  M — * N is  a differentiable 
mapping,  we  recall  that  the  pull-back  p */  to  M,  of  a function  / e C°°(N),  is  defined  by 
[n-21]  p*/=/°pe  C”(M) 

If  we  denote  by  0 = Q'e,  a (local)  coordinate  system  on  a chart  of  N,  we  give  the  derivative 
map  Dp  of  p the  convenient  local  representation 
[n-22)  Dp  = 3q(p*Q) 

and  this  in  turn  justifies  the  local  representation  of  the  tangent  map  Tp  to  p as 
[n-231  Tp  = dq-3q(p*Q)9Q 

It  is  now  straightforward  to  sec  that,  given  a vector  field  X = V*dqe  TM  we  can  define  its 
push-forward  by  p as  the  vector  field  P*X  e TN,  given  by  its  definition  on  the  image  of  M by  p 
In-24]  p,X|p(m)  = (lx Tp) \m  = (vdq(p*Q)) |mdQ 

Likewise,  we  will  define  the  pull-back  by  p,  of  a 1-form  p = dO  b defined  on  N,  to  a 1 - 
form  p*p  on  M,  by 

In-25]  P*P|m  =1Tp|m(PlpM)=d(3q(p*Q)  p*b)|ra. 
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